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A GENERAL EXPRESSION FOR THE QUARTIC LOVELOCK TENSOR
C. C. Briggs
Center for Academic Computing, Penn State University, University Park, PA 16802
Tuesday, March 25, 1997, 7:37:49 PM
Abstract.  A general expression is given for the quartic Lovelock tensor in terms of the Riemann-Christoffel and Ricci curvature tensors and the Riemann curvature scalar for
n-dimensional differentiable manifolds having a general linear connection.  In addition, expressions are given (in the appendix) for the coefficient of the quartic Lovelock
Lagrangian as well as for lower-order Lovelock tensors and Lovelock Lagrangian coefficients.
PACS numbers: 02.40.-k, 04.20.Cv, 04.20.Fy
“Since the quartic part of the Lovelock action involves 25 terms, each containing the product of four curvature terms, the writing of the corresponding
field equations using the usual method of variation of the Lagrangian with respect to the metric tensor is a formidable task.”
— Demaret, J., Y. De Rop, P. Tombal, and A. Moussiaux, “Qualitative Analysis of
Ten-dimensional Lovelock Cosmological Models,” Gen. Rel. Grav., 24 (1992) 1169.
“Writing explicitly the field equations for general space-times in high dimensions, taking into account all the relevant terms of the Lovelock action, is a
very complex task.  In the case of, say, ten-dimensional models, it can take weeks to write the equations by hand, and the absolute correctness of the
results is not at all guaranteed.  As an example of the formidable complexity of this type of calculation, let us note that the quartic part of the Lovelock
action involves 25 terms, each of which constituted by the contracted product of four curvature tensors, and, moreover, the resulting field equations,
obtained after variation with respect to the metric tensor, are not explicitly known.”
— Demaret, J., H. Caprasse, A. Moussiaux, P. Tombal, and D. Papadopoulos,
“Ten-dimensional Lovelock-type space-times,” Phys. Rev. D, 41 (1990) 1163.
“The general expression of the variation of the fourth-order contribution to the Lovelock Lagrangian density has even not yet been obtained.”
— Ibid.
This letter provides the interested reader with a general expression for the
quartic Lovelock tensor G(4)a
b
 in terms of the Riemann-Christoffel curvature
tensor1
Rabc
d
 ≡ 2 (∂[a Γb]dc + Γ[ad|e| Γb]ec + Ωaeb Γedc), (1)
the Ricci curvature tensor
Ra
b
 ≡ Rca
bc
 = − Rac
bc
 = − Rca
cb
 + 2 (∇[c Qa]bc + Scad Qdbc), (2)
and the Riemann curvature scalar
R ≡ Ra
a
 = Rba
ab
 = − Rab
ab
 = Rab
ba
 = − Rba
ba (3)
using anholonomic coordinates for n-dimensional differentiable manifolds
having a general linear connection, where ∂a is the Pfaffian derivative, Γabc
the connection coefficient, Ωa
b
c the object of anholonomity, Qabc the
non-metricity tensor, and Sab
c
 the torsion tensor.  (An expression for the
coefficient L(4) of the quartic Lovelock Lagrangian appears in the appendix.)
Such an expression for G(4)a
b
 has evidently not appeared in the open
literature hitherto, even though analogues of some terms of G(4)a
b
 per Eq. (7)
below have already appeared, viz. analogues of the 103rd, 104th, 107th, 109th,
111th, 112th, and 115th terms in Grisaru and Zanon2, of the 109th and 111th in
Freeman et al.,3 and of the 111th in Grisaru et al.4
In accordance with various general definitions given by Müller-Hoissen5
and Verwimp,6 L(p) and G(p)a
b
 for p ≥ 1 are given by the formulas
L(p) = 
(2p)!
2p  R[i1i2
i1i2
 Ri3i4
i3i4
 … Ri2 p − 1i2p]
i2p − 1i2p, (4)
and
G(p)a
b
 = 
(2p + 1)!
2p + 1p  δ
b
[a Ri1i2
i1i2
 Ri3i4
i3i4
 … Ri2 p − 1i2p]
i2p − 1i2p, (5)
which comprise (2p)! and (2p + 1)! tensor index permutations, respectively.
Numerical properties of L(p) and G(p)a
b
 for 0 ≤ p ≤ 4 are tabulated below.
Expressions for G(p)a
b
 and L(p) for 0 ≤ p ≤ 3 appear in the appendix.
TABLE 1. SOME NUMERICAL PROPERTIES OF L(p) FOR 0 ≤ p ≤ 4. TABLE 2. SOME NUMERICAL PROPERTIES OF G(p)a
b
 FOR 0 ≤ p ≤ 4.
Order (p) Quantity Number ofTerms
Number of Permuta-
tions Comprehended
Sum of Numerical
Factors Order (p) Quantity
Number of
Terms
Number of Permuta-
tions Comprehended
Sum of Numerical
Factors
0 L(0) 1 1 1 0 G(0)a
b 1 1 1
1 L(1) 1 2 1 1 G(1)a
b 2 6 1 1/2
2 L(2) 3 24 6 2 G(2)a
b 7 120 7 1/2
3 L(3) 8 720 90 3 G(3)a
b 2 6 5040 105
4 L(4) 2 5 40,320 2520 4 G(4)a
b 115 362,880 2835
The quartic Lovelock tensor G(4)a
b
 is given by the formula
G(4)a
b
 = 
9!
25 × 4 δ [a
b
 Ri1i2
i1i2
 Ri3i4
i3i4
 Ri5i6
i5i6
 Ri7i8]
i7i8, (6)
which comprises 362,880 unique covariant index permutations, of which but 115—together with numerical coefficients—suffice for rendering a general
expression for G(4)a
b
, the final result (after substituting contractions and re-labeling indices) being given by
G(4)a
b
 = 
1
8 (δab R4 − 24 δab R2 Rdc Rcd + 6 δab R2 Refcd Rcdef + 64 δab R Rdc Red Rce − 96 δab R Rec Rfd Rcdef − 96 δab R Rdc Rfgde Rcefg − (7)
− 8 δab R Refcd Rghef Rcdgh + 32 δab R Regcd Rchef Rdfgh + 48 δab Rdc Rcd Rfe Ref − 96 δab Rdc Red Rfe Rcf + 384 δab Rdc Rfd Rge Rcefg −
− 24 δab Rdc Rcd Rghef Refgh + 192 δab Rdc Red Rghef Rcfgh + 96 δab Rec Rfd Rghef Rcdgh − 192 δab Rec Rgd Rchef Rdfgh +
+ 192 δab Rec Rgd Rdhef Rcfgh − 192 δab Rdc Rcfde Rhifg Reghi + 96 δab Rdc Rfgde Rhifg Rcehi − 384 δab Rdc Rfhde Rcifg Reghi +
+ 3 δab Refcd Rcdef Rijgh Rghij − 48 δab Refcd Rcgef Rijgh Rdhij + 6 δ ab Refcd Rghef Rijgh Rcdij − 96 δab Refcd Rgief Rcjgh Rdhij +
+ 48 δab Regcd Rcief Rdjgh Rfhij − 96 δab Regcd Rcief Rfjgh Rdhij − 8 Rab R3 + 48 Rac R2 Rcb + 96 Rab R Rdc Rcd − 192 Rac R Rdb Rcd +
+ 192 Ra
c
 R Re
d
 Rcd
be
 − 24 Ra
b
 R Ref
cd
 Rcd
ef
 + 96 Ra
c
 R Ref
bd
 Rcd
ef
 − 128 Ra
b
 Rd
c
 Re
d
 Rc
e
 − 192 Ra
c
 Rc
b
 Re
d
 Rd
e
 + 384 Ra
c
 Rd
b
 Re
d
 Rc
e
 +
+ 192 Ra
b
 Re
c
 Rf
d
 Rcd
ef
 − 384 Ra
c
 Re
b
 Rf
d
 Rcd
ef
 − 384 Ra
c
 Re
d
 Rf
e
 Rcd
bf
 + 384 Ra
c
 Rf
d
 Rc
e
 Rde
bf
 + 192 Ra
b
 Rd
c
 Rfg
de
 Rce
fg
 +
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+ 48 Ra
c
 Rc
b
 Rfg
de
 Rde
fg
 − 192 Ra
c
 Rd
b
 Rfg
de
 Rce
fg
 − 192 Ra
c
 Rc
d
 Rfg
be
 Rde
fg
 − 192 Ra
c
 Re
d
 Rfg
be
 Rcd
fg
 + 384 Ra
c
 Rf
d
 Rcg
be
 Rde
fg
 −
− 384 Ra
c
 Rf
d
 Rdg
be
 Rce
fg
 + 16 Ra
b
 Ref
cd
 Rgh
ef
 Rcd
gh
 − 64 Ra
b
 Reg
cd
 Rch
ef
 Rdf
gh
 + 192 Ra
c
 Rce
bd
 Rgh
ef
 Rdf
gh
 − 96 Ra
c
 Ref
bd
 Rgh
ef
 Rcd
gh
 −
− 384 Ra
c
 Reg
bd
 Rdh
ef
 Rcf
gh
 − 48 Rad
bc
 R2 Rc
d
 − 24 Rae
cd
 R2 Rcd
be
 + 192 Rad
bc
 R Re
d
 Rc
e
 + 192 Rae
cd
 R Rc
b
 Rd
e
 − 192 Rae
bc
 R Rf
d
 Rcd
ef
 −
− 96 Rae
cd
 R Rf
b
 Rcd
ef
 + 96 Rae
cd
 R Rf
e
 Rcd
bf
 − 192 Raf
cd
 R Rc
e
 Rde
bf
 − 96 Rad
bc
 R Rfg
de
 Rce
fg
 + 48 Rae
cd
 R Rfg
be
 Rcd
fg
 − 192 Raf
cd
 R Rcg
be
 Rde
fg
 +
+ 192 Rad
bc
 Rc
d
 Rf
e
 Re
f
 − 384 Rad
bc
 Re
d
 Rf
e
 Rc
f
 − 384 Rae
cd
 Rc
b
 Rf
e
 Rd
f
 − 384 Raf
cd
 Re
b
 Rc
e
 Rd
f
 + 384 Rad
bc
 Rf
d
 Rg
e
 Rce
fg
 +
+ 384 Raf
bc
 Rc
d
 Rg
e
 Rde
fg
 + 384 Raf
bc
 Re
d
 Rg
e
 Rcd
fg
 − 192 Rae
cd
 Rf
b
 Rg
e
 Rcd
fg
 + 384 Raf
cd
 Rc
b
 Rg
e
 Rde
fg
 + 192 Raf
cd
 Re
b
 Rg
e
 Rcd
fg
 −
− 384 Raf
cd
 Rg
b
 Rc
e
 Rde
fg
 − 192 Rae
cd
 Rf
e
 Rg
f
 Rcd
bg
 + 384 Raf
cd
 Rc
e
 Rg
f
 Rde
bg
 − 384 Raf
cd
 Rg
e
 Rc
f
 Rde
bg
 − 192 Rag
cd
 Rc
e
 Rd
f
 Ref
bg
 +
+ 384 Rag
cd
 Rf
e
 Rc
f
 Rde
bg
 + 96 Rag
cd
 Rf
e
 Re
f
 Rcd
bg
 − 48 Rad
bc
 Rc
d
 Rgh
ef
 Ref
gh
 + 192 Rad
bc
 Re
d
 Rgh
ef
 Rcf
gh
 + 192 Rae
bc
 Rc
d
 Rgh
ef
 Rdf
gh
 +
+ 192 Rae
bc
 Rf
d
 Rgh
ef
 Rcd
gh
 − 384 Rae
bc
 Rg
d
 Rch
ef
 Rdf
gh
 + 384 Rae
bc
 Rg
d
 Rdh
ef
 Rcf
gh
 + 192 Rae
cd
 Rc
b
 Rgh
ef
 Rdf
gh
 + 96 Rae
cd
 Rf
b
 Rgh
ef
 Rcd
gh
 +
+ 384 Rag
cd
 Re
b
 Rch
ef
 Rdf
gh
 − 192 Rae
cd
 Rc
e
 Rgh
bf
 Rdf
gh
 − 96 Rae
cd
 Rf
e
 Rgh
bf
 Rcd
gh
 + 384 Rae
cd
 Rg
e
 Rch
bf
 Rdf
gh
 + 192 Raf
cd
 Rc
e
 Rgh
bf
 Rde
gh
 −
− 384 Raf
cd
 Rg
e
 Rch
bf
 Rde
gh
 − 192 Raf
cd
 Rg
e
 Reh
bf
 Rcd
gh
 − 384 Rag
cd
 Rc
e
 Rdh
bf
 Ref
gh
 + 384 Rag
cd
 Rc
e
 Reh
bf
 Rdf
gh
 + 384 Rag
cd
 Rf
e
 Rch
bf
 Rde
gh
 +
+ 192 Rag
cd
 Rf
e
 Reh
bf
 Rcd
gh
 − 192 Rag
cd
 Rh
e
 Rcd
bf
 Ref
gh
 + 384 Rag
cd
 Rh
e
 Rce
bf
 Rdf
gh
 − 192 Rad
bc
 Rcf
de
 Rhi
fg
 Reg
hi
 + 96 Rad
bc
 Rfg
de
 Rhi
fg
 Rce
hi
 −
− 384 Rad
bc
 Rfh
de
 Rci
fg
 Reg
hi
 − 24 Rae
cd
 Rcd
be
 Rhi
fg
 Rfg
hi
 + 192 Rae
cd
 Rcf
be
 Rhi
fg
 Rdg
hi
 − 48 Rae
cd
 Rfg
be
 Rhi
fg
 Rcd
hi
 + 192 Rae
cd
 Rfh
be
 Rci
fg
 Rdg
hi
 +
+ 96 Raf
cd
 Rcd
be
 Rhi
fg
 Reg
hi
 + 192 Raf
cd
 Rcg
be
 Rhi
fg
 Rde
hi
 + 192 Raf
cd
 Rgh
be
 Rei
fg
 Rcd
hi
 + 384 Rah
cd
 Rcf
be
 Rdi
fg
 Reg
hi
 −
− 384 Rah
cd
 Rcf
be
 Rei
fg
 Rdg
hi
 + 192 Rah
cd
 Rfg
be
 Rci
fg
 Rde
hi
 + 96 Rah
cd
 Rfg
be
 Rei
fg
 Rcd
hi
 + 384 Rah
cd
 Rfi
be
 Rce
fg
 Rdg
hi) .
For a check, note that (1) G(4)aa = n − 88 L(4) and (2) the magnitudes of the numerical coefficients of G(4)a
b
 add up to 9!25 × 4 =
1
8 × 22,680 = 2835.
APPENDIX
The quartic Lovelock Lagrangian coefficient L(4) is given by the formula
L(4) = 
8!
24 R[i1i2
i1i2
 Ri3i4
i3i4
 Ri5i6
i5i6
 Ri7i8]
i7i8, (8)
which comprises 40,320 unique covariant index permutations, of which but 25—together with numerical coefficients—suffice for rendering a general expression
for L(4), the final result (after substituting contractions and re-labeling indices) being given by
L(4) = R
4
 − 24 R2 Rb
a
 Ra
b
 + 6 R2 Rcd
ab
 Rab
cd
 + 64 R Rb
a
 Rc
b
 Ra
c
 − 96 R Rc
a
 Rd
b
 Rab
cd
 − 96 R Rb
a
 Rde
bc
 Rac
de
 − 8 R Rcd
ab
 Ref
cd
 Rab
ef
 + (9)
+ 32 R Rce
ab
 Raf
cd
 Rbd
ef
 + 48 Rb
a
 Ra
b
 Rd
c
 Rc
d
 − 96 Rb
a
 Rc
b
 Rd
c
 Ra
d
 + 384 Rb
a
 Rd
b
 Re
c
 Rac
de
 − 24 Rb
a
 Ra
b
 Ref
cd
 Rcd
ef
 +
+ 192 Rb
a
 Rc
b
 Ref
cd
 Rad
ef
 + 96 Rc
a
 Rd
b
 Ref
cd
 Rab
ef
 − 192 Rc
a
 Re
b
 Raf
cd
 Rbd
ef
 + 192 Rc
a
 Re
b
 Rbf
cd
 Rad
ef
 − 192 Rb
a
 Rad
bc
 Rfg
de
 Rce
fg
 +
+ 96 Rb
a
 Rde
bc
 Rfg
de
 Rac
fg
 − 384 Rb
a
 Rdf
bc
 Rag
de
 Rce
fg
 + 3 Rcd
ab
 Rab
cd
 Rgh
ef
 Ref
gh
 − 48 Rcd
ab
 Rae
cd
 Rgh
ef
 Rbf
gh
 +
+ 6 Rcd
ab
 Ref
cd
 Rgh
ef
 Rab
gh
 − 96 Rcd
ab
 Reg
cd
 Rah
ef
 Rbf
gh
 + 48 Rce
ab
 Rag
cd
 Rbh
ef
 Rdf
gh
 − 96 Rce
ab
 Rag
cd
 Rdh
ef
 Rbf
gh
.
For a check, note that the magnitudes of the numerical coefficients of L(4) add up to 
8!
24 = 2520.
The Lovelock tensors G(p)a
b
 for 0 ≤ p ≤ 3 are given by
G(0)a
b
 = 
1!
20 δa
b
, (10)
G(1)a
b
 = 
3!
22 × 1 δ [a
b
 Ri1i2]
i1i2, (11)
G(2)a
b
 = 
5!
23 × 2 δ [a
b
 Ri1i2
i1i2
 Ri3i4]
i3i4, (12)
and
G(3)a
b
 = 
7!
24 × 3 δ [a
b
 Ri1i2
i1i2
 Ri3i4
i3i4
 Ri5i6]
i5i6, (13)
whence
G(0)a
b
 = δab, (14)
G(1)a
b
 = 
1
2 (− δab R + 2 Rab), (15)
G(2)a
b
 = 
1
4 (δab R2 − 4 δab Rdc Rcd + δab Refcd Rcdef − 4 Rab R + (16)
+ 8 Ra
c
 Rc
b
 − 8 Rad
bc
 Rc
d
 − 4 Rae
cd
 Rcd
be) ,
and
G(3)a
b
 = 
1
6 (− δab R3 + 12 δab R Rdc Rcd − 3 δab R Refcd Rcdef − 16 δab Rdc Red Rce + 24 δab Rec Rfd Rcdef + 24 δab Rdc Rfgde Rcefg + 2 δab Refcd Rghef Rcdgh − (17)
− 8 δab Regcd Rchef Rdfgh + 6 Rab R2 − 24 Rac R Rcb − 24 Rab Rdc Rcd + 48 Rac Rdb Rcd − 48 Rac Red Rcdbe + 6 Rab Refcd Rcdef −
− 24 Ra
c
 Ref
bd
 Rcd
ef
 + 24 Rad
bc
 R Rc
d
 + 12 Rae
cd
 R Rcd
be
 − 48 Rad
bc
 Re
d
 Rc
e
 − 48 Rae
cd
 Rc
b
 Rd
e
 + 48 Rae
bc
 Rf
d
 Rcd
ef
 + 24 Rae
cd
 Rf
b
 Rcd
ef
 −
− 24 Rae
cd
 Rf
e
 Rcd
bf
 + 48 Raf
cd
 Rc
e
 Rde
bf
 + 24 Rad
bc
 Rfg
de
 Rce
fg
 − 12 Rae
cd
 Rfg
be
 Rcd
fg
 + 48 Raf
cd
 Rcg
be
 Rde
fg) .
For a check, note—for 1 ≤ p ≤ 3—that (1) G(p)aa = n − 2p2p L(p) and (2) the magnitudes of the numerical coefficients of G(p)a
b
 add up to (2p + 1)!2p + 1 p .
The Lovelock Lagrangian coefficients L(p) for 0 ≤ p ≤ 3 are given by
L(0) = 
0!
20 = 1, (18)
L(1) = 
2!
21 R[i1i2]
i1i2, (19)
L(2) = 
4!
22 R[i1i2
i1i2
 Ri3i4]
i3i4, (20)
and
L(3) = 
6!
23 R[i1i2
i1i2
 Ri3i4
i3i4
 Ri5i6]
i5i6, (21)
whence
L(0) = 1, (22)
L(1) = − R, (23)
L(2) = R
2
 − 4 Rb
a
 Ra
b
 + Rcd
ab
 Rab
cd
, (24)
and
L(3) = − R
3
 + 12 R Rb
a
 Ra
b
 − 3 R Rcd
ab
 Rab
cd
 − 16 Rb
a
 Rc
b
 Ra
c
 + (25)
+ 24 Rc
a
 Rd
b
 Rab
cd
 + 24 Rb
a
 Rde
bc
 Rac
de
 +
+ 2 Rcd
ab
 Ref
cd
 Rab
ef
 − 8 Rce
ab
 Raf
cd
 Rbd
ef
.
For a check, note that (1) the magnitudes of the numerical coefficients of L(p) add up—for any p—to (2p)!2p  and (2) 
∂
∂R L(p) = − p L(p - 1) for p ≥ 1.
